We will write Ux)) tor the fractional part of a real number x and [x] for the greatest integer less than or equal to x so that Ux)) =x - [x] . E. Harzheim has shown [2] the existence for each x in [0, 1) of a sequence of nonnegative integers a2(x), • • • , anix), ■ • ■ with ((*2a«(l>3«»<*> • ■ ■ n°">M)) < 1/n.
The a" are determined inductively by setting an(x) equal to the unique integer k such that
(taking ^?=i = 0). This is always possible since zZi?-it/n' =1/ (n-1). Conversely, given any sequence a2, at, ■ ■ ■ of nonnegative integers there is an x in [0, 1) with «,-(*) =a<, i = 2, 3, • • • . We are concerned with the probabilistic behavior of the random variables a" and xn,
We will write X for Lebesgue measure on [0, 1). The terms independence, random variable, etc., will refer to this probability space. Proof.
The second formula is an immediate consequence of the first.
=a" if and only if
where 0^e<(n -l)/wa»+1. 7w //m case x"(x) =na^ne/(n -1).
Proof. For n = 2 it is easily seen that x= Z"-iV2J + e2 where 0^«2<l/2««+1, and that x2 = 2((x-2as)) = 2«+>«2.
Assuming the formulas of the theorem to hold up to n and taking c«"+i to be any nonnegative integer we have 
